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The thermodynamic properties of self-gravitating spherical thin matter shells an black holes in
d > 4 dimensions are studied, extending previous analysis for d = 4. The shell joins a Minkowski
interior to a Tangherlini exterior, i.e., a Schwarzschild exterior in d dimensions, with d > 4, The
junction conditions alone together with the first law of thermodynamics enable one to establish that
the entropy of the thin shell depends only on its own gravitational radius. Endowing the shell with
a well-defined power-law temperature equation of state allows to establish a precise form for the
entropy and to perform a thermodynamic stability analysis for the shell. A particularly interesting
case is when the shell’s temperature has the Hawking form, i.e., it is inversely proportional to the
shell’s gravitational radius. It is shown in this case that the shell’s heat capacity is positive, and thus
the shell is stable, for shells with radii in-between their own gravitational radius and the photonic
radius, i.e., the radius of circular photon orbits, reproducing unexpectedly York’s thermodynamic
stability criterion for a d = 4 black hole in the canonical ensemble. Additionally, the Euler equation
for the matter shell is derived, the Bekenstein and holographic entropy bounds are studied, and the
large d limit is analyzed. Within this formalism the thermodynamic properties of black holes can
be studied too. Putting the shell at its own gravitational radius, i.e., in the black hole situation,
obliges one to choose precisely the Hawking temperature for the shell which in turn yields a black
hole with the Bekenstein-Hawking entropy. The stability analysis implies that the black hole is
thermodynamically stable substantiating that in this configuration our system and York’s canonical
ensemble black hole are indeed the same system. Also relevant is the derivation in a surprising way
of the Smarr formula for black holes in d dimensions.
I. INTRODUCTION
Black holes are thermodynamics systems that have an
internal energy [1, 2], an entropy [3], and a tempera-
ture [4]. A statistical physics thermodynamic treatment
can be given through a path integral approach [5] and
consistently black holes can be put in a canonical en-
semble by defining a temperature of a heat bath in a
given region of space [6–8]. These works were performed
for Schwarzschild and Reissner-Nordstro¨m black holes in
four dimensions.
Self-gravitating matter systems also possess thermody-
namic properties. Perhaps, the simplest self-gravitating
matter system is a thin shell. Thermodynamic studies
of thin shells in Schwarzschild and Reissner-Nordstro¨m
four-dimensional spacetimes have been performed in [9–
12] where the entropy and the stability of the shells were
displayed.
Since black holes and self-gravitating matter systems
are thermodynamic systems it is natural to mix both.
This has been done by putting the combined system of
black hole plus matter in a canonical ensemble [13]. One
can also conceive of a black hole surrounded by a thin
shell and study the compound system thermodynami-
cally [14, 15]. One can then collapse the matter into
the initial black hole. The collapse should be done qua-
sistatically and in thermodynamic equilibrium so that
the whole set up makes sense thermodynamically. Yet
another way is to suppose no intial black hole and some
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initial self-gravitating matter in thermal equilibrium. For
instance the thin shells considered in [9–12]. Suppose
then the shell gravitationally collapses again quasistati-
cally up to its own gravitational radius, i.e., up to the
formation of a black hole. On the verge of the black hole
formation the matter entropy must change in order to
give rise to the final black hole entropy [10–12]. In this
way one can test how matter entropy transforms into
black hole entropy, see also [16]. For a self-gravitating
matter continuum, a generic spacetime matter structure
that includes thin shells, one can also address the entropy
when the matter is forming a black hole, a situation that
has been fully developed within the quasiblack hole for-
malism [17, 18]. An analogous procedure to find black
hole properties is the membrane paradigm approach [19–
21].
It is surely interesting to see if the thermodynamic
properties for black holes and self-gravitating matter
are reproduced in dimensions different from four and in
spacetimes with a cosmological constant. In three dimen-
sions, thermodynamic properties of thin shells in BTZ
non-rotating and rotating spacetimes have been stud-
ied [22–25] with results that, even in one lower dimen-
sion and with the inclusion of a cosmological constant
and rotation, somehow repeat the four-dimensional re-
sults, confirming that the BTZ spacetime is a good bed
test for four-dimensional general relativity. On the other
hand, the study of higher d-dimensional self-gravitating
shells has not been performed. Since there is the in-
triguing possibility that the universe has higher dimen-
sions that might be large or small, in which case they
are hidden at large scales but that pop up at some tiny
scales, it is interesting to study how shells and black holes
and their thermodynamics properties develop in higher
d > 4 dimensions. Here we make a thermodynamic
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2study of shells for which the inner spacetime is spheri-
cally symmetric Minkowski and the outer spacetime is a
Tangherlini spacetime, i.e., a Schwarzschild spacetime in
d-dimensions, d > 4. We also take the self-gravitating
d-dimensional shell to its own gravitational radius and
obtain the thermodynamic properties of a d-dimensional
black hole, such as its entropy, its stability, and the cor-
responding Smarr formula.
We use known results in d dimensions. For particle
orbits in d-dimensions see [26], for the Hawking temper-
ature in d-dimensions see [27], and for the Smarr formula
in d-dimensions see [28]. We adopt the thermodynamic
formalism presented in [29]. We also study the Beken-
stein [30] and the holographic [31–33] entropy bounds for
the d-dimensional shells. We benefit from the result given
in [34] where it is shown that to be divergent free quan-
tically black holes must be at the Hawking temperature.
The paper is organized as follows. In Sec. II,
the d-dimensional interior Minkowski and exterior
Schwarzschild, or Tangherlini, metrics are given, and
the mechanical properties of the self-gravitating thin
shell that makes the junction of the two spacetimes are
found. The thermodynamic properties of the shell are
prescribed, the first law of thermodynamics applied to
the shell is studied, and a generic expression for the en-
tropy of the shell is found. In Sec. III, a power-law equa-
tion of state is given to the temperature, local thermody-
namic stability is analyzed, the Euler relation is found,
the holographic and Bekenstein entropy bounds are stud-
ied, as well as the large d case. In Sec. IV, the black hole
limit is taken and its properties follow. In Sec. V, con-
clusions are drawn.
II. MECHANICS AND THERMODYNAMICS
OF SELF-GRAVITATING STATIC THIN SHELLS
IN d DIMENSIONS
A. Mechanics of static thin shells: ADM and rest
masses and the equation of state for the pressure
We write Einstein field equation in d dimensions in the
form
Gab = 8pi Tab , (1)
where a, b are spacetime indices that run from 0 to d−1,
Gab is the Einstein tensor, Tab the energy-momentum
tensor, and it is clear that with this choice for Eq. (1)
the d-dimensional Einstein field equation have the same
form as the 4-dimensional one. We put the d-dimensional
gravitational constant Gd to one and the speed of light c
to one.
Consider a spherically symmetric timelike (d − 1)-
hypersurface Σ that partitions a d-dimensional spacetime
into two regions. The region on the inside is denoted
by an i subscript sign and the outside region with an o
subscript. The partition is given by a thin shell and we
assume that the inside is a d-dimensional flat metric with
d > 4 and the outside is a Tangherlini, or d-dimensional
Schwarzschild with d > 4, metric.
On the inside the coordinates are
xαi = (ti, r, θ1, ..., θd−2), where ti is the time coordi-
nate inside, r is the radial coordinate, and θk are the
angular coordinates on a (d − 2)-dimensional sphere.
The metric on the flat inside is thus
ds2i = −Fidt2i +
dr2
Fi
+ r2dΩ2 , (2)
with
Fi = 1 , (3)
and
dΩ2 = dθ21 +
d−2∑
k=2
k−1∏
j=1
sin2 θj
 dθ2k , (4)
is the line element on a (d− 2)-dimensional sphere.
On the outside the coordinates are
xαo = (to, r, θ1, ..., θd−2), where to is the time coor-
dinate outside, r is the radial coordinate, and θk are
the angular coordinates. The metric on the Tangherlini
outside is thus
ds2o = −Fodt2o +
dr2
Fo
+ r2dΩ2 , (5)
with
Fo = 1− γm
rd−3
, (6)
where
γ ≡ 16pi
(d− 2)Ωd−2 , (7)
and
Ωd−2 =
2pi(d−1)/2
Γ
(
d−1
2
) , (8)
dΩ2 is the same line element on a (d − 2)-dimensional
sphere as in Eq. (4), m is the spacetime ADM mass, and Γ
is the gamma function. In d = 4 one has Γ(3/2) =
√
pi/2,
Ω2 = 4pi and γ = 2. The spacetime gravitational radius
is
r+ = (γm)
1/(d−3)
. (9)
In d = 4 one recovers r+ = 2m. It is useful to define the
gravitational area A+ given by
A+ = Ωd−2rd−2+ . (10)
If the spacetime is a black hole spacetime, then r+ and
A+ are the horizon radius and the horizon area of the
black hole, respectively. There is an additional radius
that pops out naturally in our context. This is the radius
of the photon sphere [26]
rph =
(
d− 1
2
) 1
d−3
. (11)
3For d = 4 it gives 3m, and recall that rph = 3m is the
photon sphere, where photons can have circular trajecto-
ries in the Schwarzschild spacetime. The generalization
of the photon sphere radius to d-dimensions is indeed
Eq. (11) [26].
The self-gravitating shell is at the hypersurface Σ de-
fined by
r = R . (12)
Letting τ be the proper time on the shell, the shell’s
evolution is parameterized as R(τ), Ti(τ) ≡ ti|Σ, and
To(τ) ≡ to|Σ. Define the metric and coordinates on the
shell by hab and y
a = (τ, θ1, ..., θd−2), respectively, such
that on the shell the line element ds2Σ = habdy
adyb is
ds2Σ = −dτ2 +R2(τ)dΩ2 . (13)
The first junction condition demands continuity of the
metric across the shell. This is obtained by assuring
[hab] = 0, where a square brackets [ ] denotes the jump in
the quantity across the hypersurface. The first junction
condition then yields −T˙i2 + R˙2 = −FoT˙o2 + R˙2Fo = −1,
where a dot denotes differentiation with respect to τ
and we have used Fi = 1. We can now proceed to
the second junction condition. The shell is assumed
to be a perfect fluid so its stress tensor is given by
Sab = (σ + p)uaub + phab, where σ is the rest energy
density, p is the tangential pressure acting on the (d−2)-
sphere at radiusR, and ua is the fluid’s d-velocity. Denot-
ing the rest mass of the shell by M , the relation between
M , the area A of the shell, and σ is
M = σA . (14)
where A is
A = Ωd−2Rd−2 . (15)
The second junction condition is Sab =
− 18pi ([Kab]− [K]hab), with Kab and K standing
for the extrinsic curvature and its trace, respectively.
The static case is characterized by R¨ = R˙ = 0. The
junction then yields
m = M − γM
2
4Rd−3
, (16)
p =
(d− 3)γM2
4(d− 2)Ωd−2Rd−2(Rd−3 − γM2 )
(17)
The shell can surely be put at infinity, R = ∞. On the
other hand the static shell concept only makes sense if the
radius of the shell R bounds from above the spacetime
gravitational radius r+. For R = r+ the shell turns into
a black hole. For R < r+ there is no static shell. Thus,
R obeys
R > r+ , (18)
with the inequality being valid up to infinity. The red-
shift function k at the shell’s position R is a quantity
that appears quite often. It is defined by
k =
√
1−
(r+
R
)d−3
. (19)
We see from Eqs. (18) and (19) that
0 6 k 6 1 , (20)
We can then put the rest mass M and the tangential
pressure p given in Eqs. (16) and (17), respectively, in
terms of the redshift function k given in Eq. (19) to find
M =
2Rd−3
γ
(1− k), (21)
p =
(d− 3)(1− k)2
16piRk
. (22)
B. Thermodynamics on the shell: First law,
functional form of the temperature equation of
state, and entropy
Consider the self-gravitating thin shell to be thermally
isolated, i.e., it is an adiabatic system. In any infinites-
imal neighborhood of a point in the shell one defines a
local temperature T at the shell, a local entropy density
s, a local rest mass density σ, a local tangential pressure
p, and a local element area a. The first law of thermody-
namics for this small region in the shell is Tds = dσ+pda.
This can be integrated on angles at radius R to give the
first law of thermodynamics for the shell
TdS = dM + pdA , (23)
where S is its entropy, M its rest mass, p the tangential
pressure, and A its area. We work in the entropy repre-
sentation [29], i.e., we consider S as function of M and
A,
S = S(M,A) , (24)
with T and p being given by equations of state of the
form T = T (M,A) and p = p(M,A), respectively. The
equation of state for the temperature T = T (M,A) is
free and has to be specified. The equation of state for
the pressure p = p(M,A) is imposed on us through the
junction conditions and is given by Eq. (17) or Eq. (22)
with the help of Eq. (15). Both T (M,A) and p(M,A)
are formally given by T (M,A) =
(
∂S
∂M
)
A
and p(M,A) =(
∂S
∂A
)
M
. It is useful to define the inverse temperature β,
β =
1
T
, (25)
where also β = β(M,A). Equation (23) is then dS =
β dM +β p dA and it can only be an exact differential for
the entropy if the integrability condition(
∂β
∂A
)
M
=
(
∂(βp)
∂M
)
A
(26)
is satisfied. Then, given β = β(M,A) and p = p(M,A)
obeying Eq. (26), S = S(M,A) in Eq. (24) can be deter-
mined explicitly by integration.
Using Eqs. (9), (15), and (16) we can make the ther-
modynamic variable change (M,A)→ (r+, R) and upon
using Eq. (17) or Eq. (22) find that the differential for
4the entropy is given solely by a differential on the gravi-
tational radius r+, with Eq. (23) taking the form
dS = β(r+, R)
d− 3
γk
rd−4+ dr+ . (27)
In terms of (r+, R), the integrability condition Eq. (26)
reads (
∂β
∂R
)
r+
= β
(d− 3)(1− k2)
2k2R
, (28)
which has for solution an inverse temperature Tolman
formula at the shell’s location, i.e.,
β(r+, R) = b(r+)k(r+, R), (29)
where b(r+) is an arbitrary function of r+ alone. Since
k → 1 as R → ∞, b provides the inverse temperature
if the shell were placed at infinity. An alternative in-
terpretation is to consider the Tolman redshift formula.
Suppose that there is some negligible but effective leak-
ing in the form of radiation from the thermally isolated
shell to infinity. From the Tolman formula we have
that the inverse temperature at a given radius r of the
leaked radiation is given by β(r+, r) = b(r+)k(r+, r).
At infinity k(r+,∞) = 1 and so the inverse temper-
ature of the radiation there is b(r+). Now, inserting
Eq. (29) into the entropy differential Eq. (27), one gets
dS = d−3γ b(r+)r
d−4
+ dr+. Thus, the total entropy of the
shell is given by the sum of all the entropy differentials
up to that r+, i.e.,
S(r+) =
d− 3
γ
∫ r+
0
b(r) rd−4dr . (30)
In Eq. (30) the integration constant is fixed under the
condition that S(0) = S0 and we put S0 = 0. Eq. (30)
provides the equation for the shell’s entropy for any ac-
ceptable equation of state for b(r+) and it shows that
the entropy does not depend on the shell radius R, it
depends only on the gravitational radius r+. I.e., shells
with different radius R but with the same r+ have the
same entropy. This is a known but nevertheless striking
result.
III. SHELLS WITH A POWER-LAW EQUATION
OF STATE IN d-DIMENSIONS: ENTROPY,
LOCAL THERMODYNAMIC STABILITY,
EULER RELATION, ENTROPY BOUNDS, AND
LARGE d
A. Entropy of a shell with a temperature
power-law equation of state
We still have the freedom to choose the equation of
state for the inverse temperature of the shell given in the
function b(r+). To proceed, we assume as equation of
state for b(r+) a power-law function of the form
b(r+) = 4piη
a+ 1
d− 3 r
a(d−2)+1
+ , (31)
where η and a are free parameters without units and
a+1
d−3 appears for convenience. We have put the Boltz-
mann constant equal to one so that temperature has
units of mass. We also out the Planck constant ~ equal
to one. Then the Planck length for a d-dimensional
spacetime lp =
(
Gd~
c3
) 1
d−2 is one and the Planck mass
mp =
(
c5−d~d−3
Gd
) 1
d−2
is also one, i.e., all quantities are
measured in Planck units. The choice in Eq. (31) for
b(r+) is analogous to the choice in [9]. Note that the
case a = 0 is of particular interest as the inverse tem-
perature has the inverse Hawking temperature form, it
is proportional to r+, see Eq. (31). If further we choose
η = 1 then b(r+) =
4pi
d−3 r+ and the shell has precisely
the Hawking temperature in d-dimensions [27].
Putting Eq. (31) into Eq. (30) leads to the following
expression for the entropy of the self-gravitating shell
S =
1
4
ηΩd−2 r
(a+1)(d−2)
+ . (32)
From this expression note that
a > −1 , (33)
otherwise the entropy would diverge in the limit r+ → 0,
a situation we avoid. The case a = 0 that has the Hawk-
ing inverse temperature form, yields an entropy propor-
tional to it is proportional to rd−2+ , i.e., proportional to
A+ and so has the Bekenstein-Hawking form.
B. Intrinsic thermodynamic stability
1. Generics
Following [29], one can analyze thermodynamic local
stability of a system in relation to the entropy funda-
mental equation S = S(M,A). Stable solutions are con-
sidered usiing Le Chatelier’s principle, which states that
a stable system will tend to restore its equilibrium ho-
mogeneity state when a small non-homogeneous change
is performed on it. The thin matter shell solution is a
good approximation to a layer of matter with a very
small thickness. Let us divide this layer into an inner
and an outer layer with proper mass M , say, each and
with no thermic contact. The fundamental equation for
each layer is S = S(M,A). So the initial entropy of the
total system is 2S (M,A). Now remove some mass ∆M
from one subsystem to the other and get for the entropy
of total system S(M + ∆M,A) + S(M −∆M,A). If the
thermic contact is removed mass flows to one side to the
other and the entropy should increase by the second law
of thermodynamics to its original value 2S (M,A). So,
2S (M,A) > S (M + ∆M,A) + S (M −∆M,A). Taking
the limit ∆M → 0 it becomes(
∂2S
∂M2
)
A
6 0. (34)
5The heat capacity is given by CA ≡
(
∂M
∂T
)
A
=
−T−2
(
∂2S
∂M2
)−1
A
. So, Eq. (34) is equivalent to requiring
a positive heat capacity at constant area CA.
Analogously, one can consider the thermodynamic sta-
bility in relation to the area A and obtain(
∂2S
∂A2
)
M
6 0. (35)
For a small change of both M and A simultaneously,
the stability condition is(
∂2S
∂M2
)(
∂2S
∂A2
)
−
(
∂2S
∂M∂A
)2
> 0. (36)
Note that one can analyze each condition at a time.
Condition Eq. (34) is the actual stability condition if the
self-gravitating shell is held at fixed A, i.e., at fixed radius
R. Condition Eq. (35) is the actual stability condition if
the shell is held at fixed proper mass M . In the case A
and M are free, condition Eq. (36) also counts and one
needs to check it.
2. Stability for free proper mass M and at fixed area A,
i.e., at fixed shell radius R
Condition Eq. (34) is the stability condition if the
proper mass M is free to change and the shell is held at
fixed area A, i.e., fixed radius R. Since, the heat capacity
is given by CA ≡
(
∂M
∂T
)
A
= −T−2
(
∂2S
∂M2
)−1
A
, Eq. (34) is
equivalent to requiring a positive heat capacity at con-
stant area CA, i.e.,
CA > 0 . (37)
Equation (32) together with Eqs. (9) and (16) yields(
∂2S
∂M2
)
A
= 2(1+a)(d−2)S(M,A)(d−3)2M2(1−k)2
[
k2(d− 1 + 2a(d− 2))−
(d− 3)]. Thus, Eq. (34), or Eq. (37), gives
k2(d− 1 + 2a(d− 2))− (d− 3) 6 0. (38)
If a 6 −(d− 1)/(2(d− 2)), Eq. (38) is always satisfied.
Since we have imposed a > −1, Eq. (33), we have for
−1 < a 6 −(d − 1)/(2(d − 2)) that Eq. (38) is satisfied.
On the other hand, for a > −(d− 1)/(2(d− 2)), Eq. (38)
is satisfied when −k1 6 k 6 k1, with k1 =
√
d−3
d−1+2a(d−2) .
Since we have 0 6 k, recall Eq. (19), this condition can
be rewritten as 0 6 k 6 k1. Now, note that the ex-
pression inside the square root in k1, i.e.,
d−3
d−1+2a(d−2) , is
always greater than one if a < −1/(d− 2). Then, since
k 6 1, recall again Eq. (19), we have that from the equa-
tion above, if a 6 −1/(d− 2), Eq. (38) is always satisfied.
Since we had found that for −1 < a 6 −(d−1)/(2(d−2))
Eq. (38) is satisfied, we can extend this range to −1 <
a 6 −1/(d− 2). Now, for a > −1/(d− 2) the expression
inside the square root in k1, i.e.,
d−3
d−1+2a(d−2) , is always
smaller than one. This imposes a requirement on k in-
deed, i.e., k 6 k1, with k1 6 1.
In brief, stability for free proper mass M and at con-
stant area A means that Eq. (34) holds which in turn
means that Eq. (37) also holds, i.e., the heat capacity
CA is positive, CA > 0. Specifically we found that for
free M and fixed A,
Stability always for − 1 < a 6 − 1
d− 2 , (39)
and Eq. (38) is satisfied when 0 6 k 6 k1 for
−1/(d− 2) < a <∞, i.e.,
Stability when 0 6 k 6 k1, for − 1
d− 2 < a <∞ ,
(40)
with
k1 =
√
d− 3
d− 1 + 2a(d− 2) . (41)
Note anew that 0 < k1 6 1 in this case, i.e., for
−1/(d− 2) < a. Using Eq. (19) we can put condition
Eq. (40) in terms of R/r+,
1 6 R
r+
6 1
(1− k21)
1
d−3
, (42)
for−1/(d−2) < a <∞. Changing from r+ to M through
Eqs. (9) and (16) we obtain that the thin shell’s radius
is bounded from above as 2R
d−3
γM 6
1
1−k1 .
The case a = 0 is of particular interest as the inverse
temperature has the inverse Hawking temperature form,
it is proportional to r+, see Eq. (31). Putting a = 0 in k1,
see Eq. (41), we get k1 =
√
d−3
d−1 and the stability is given
then by Eq. (40). One can solve for Rr+ , see also Eq. (42),
to obtain 1 6 Rr+ 6
(
d−1
2
) 1
d−3 . Looking at Eq. (11) we
see this is
r+ 6 R 6 rph . (43)
I.e., the shell is thermodynamically stable if its radius R
is in between the gravitational radius r+ and the photon
sphere radius rph. For d = 4 Eq. (43) is r+ 6 R 6 32r+,
and putting r+ = 2m one gets 2m 6 R 6 3m. This is
a striking outcome as it reminds of York’s result for the
thermal stability of the d = 4 black hole in the canon-
ical ensemble [6]. York’s approach implies that for a
Scharzschild black hole in a heat reservoir of fixed radius
R at temperature T , i.e., in a canonical ensemble, the
heat capacity of the black hole system is positive only if
2m 6 R 6 3m, so in this range the system is stable. Our
result says that for a = 0, the heat capacity is positive if
the shell is in the range 2m 6 R 6 3m. The shell’s heat
capacity is measured for A fixed, i.e., R fixed, and the
shell itself acts as a heat reservoir. The two systems have
thus similarities but are different. One is a black hole in
a heat reservoir at temperature T , the other a massive
shell at temperature T , one has a Schwarzschild interior
to the heat reservoir, the other a flat interior to the shell.
This is an unexpected result and hints that what is im-
portant for thermodynamic stability is the place of the
6shell alone, being it a heat reservoir massless shell or a
massive shell.
In Fig. 1, we plot the stability regions in the parameter
space given by the equation of state exponent a versus the
number of dimensions d, an integer number with d > 4.
Adjacently, we also plot the quantity k1 given in Eq. (41)
in terms of the equation of state exponent a for three
different dimensions d, d = 4, 5, 11. This makes it easier
to follow the stability parameters.
FIG. 1: Intrinsic stability of the shell for free proper mass M
and at fixed area A, i.e., fixed radius R, given in Eqs. (39)
and (40), for a self-gravitating shell with a power-law temper-
ature equation of state. Stability at fixed area A is equiva-
lent to have a heat capacity CA obeying CA > 0. Top: The
stability regions in the parameter space given by the equa-
tion of state exponent a versus the number of dimensions d,
an integer number with d > 4, are displayed. In the region
a 6 − 1
d−2 , the shell is always stable. In the region a > − 1d−2 ,
the shell is only stable if 0 6 k 6 k1. Bottom: Plot of k1 given
in Eq. (41) as a function of a for three different values of d,
d = 4, 5, 11. The shell is stable if k is below the respective k1.
See text for details.
3. Stability for fixed proper mass M and for free area A
Condition Eq. (35) is the stability condition if the
proper mass M of the shell is held fixed and the
area A is free to change. Equation (32) together
with Eqs. (9), (15), and (16) yields
(
∂2S
∂A2
)
M
=
(1+a)S(M,A)
A2(d−2)(1−k) [(1− k)(2 + a)(d− 2)− 2(2d− 5)]. Thus,
Eq. (35) gives
− k(d− 2)(a+ 2)− 2(2d− 5) + (d− 2)(a+ 2) 6 0 . (44)
The solution for Eq. (44) is k > k2 where k2 =
a−2 d−3d−2
a+2 .
Recalling from Eq. (33) that a > −1, we note that k2 6 0
for −1 < a 6 2(d − 3)/(d − 2) and, since 0 6 k 6 1,
Eq. (44) is always satisfied. For a > 2(d− 3)/(d− 2) we
have 0 < k2 < 1, so Eq. (44) is satisfied if k2 6 k 6 1.
FIG. 2: Intrinsic stability for free area A and fixed proper
massM , given in Eqs. (45) and (46), for a self-gravitating shell
with a power-law temperature equation of state. Top: The
stability regions in the parameter space given by the equa-
tion of state exponent a versus the number of dimensions d,
an integer number with d > 4, are displayed. In the region
a 6 2 d−3
d−2 , the shell is always stable. In the region a > 2
d−3
d−2 ,
the shell is only stable if k2 6 k 6 1. Bottom: Plot of k2 as a
function of a for three different values of d, d = 4, 5, 11. The
shell is stable if k lies above the respective k2. See text for
details.
So in brief, stability for fixed M and free A means
that Eq. (35) holds. Specifically we found that for fixed
M and free A,
Stability always for − 1 < a 6 2d− 3
d− 2 , (45)
and Eq. (38) is satisfied when k2 6 k 6 1 for a > 2(d −
3)/(d− 2), i.e.,
Stability when k2 6 k 6 1 for a > 2
d− 3
d− 2 , (46)
with
k2 =
a− 2d−3d−2
a+ 2
. (47)
Using Eq. (19) we can write condition Eq. (46) in terms
of R/r+,
R
r+
> 1
(1− k22)
1
d−3
, (48)
7for a > 2(d−2)/(d−2). Changing from r+ to M through
Eqs. (9) and (16) we obtain that the thin shell’s radius
is bounded from below as 2R
d−3
γM >
1
1−k2 .
For the particularly interesting case a = 0 we see from
Eq. (45) that the a = 0 shell is thermodynamically stable
for any radius, as the condition is independent of it.
In Fig. 2, we plot the stability regions in the parameter
space given by the equation of state exponent a versus the
number of dimensions d, an integer number with d > 4.
Adjacently, we also plot the quantity k2 given in Eq. (47)
in terms of the equation of state exponent a for three
different dimensions d, d = 4, 5, 11. This makes it easier
to follow the stability parameters.
4. Stability for free proper mass M and free area A
In the case M and A are free, condition Eq. (36)
also counts and one needs to check it. It will be
seen that Eq. (36) yields the most stringent condi-
tions between the three conditions. Equation (32)
together with Eqs. (9), (15), and (16) yields ∂
2S
∂M∂A =
2(1+a)S(M,A)
M(d−3)(1−k) [−(1− k)(1 + a)(d− 2) + 2d− 5 + a(d− 2)].
Thus, Eq. (36) gives
k2(2 + a(d− 1)) + 2k(d− 3)(1 + a(d− 2))
d− 2 +
+ a(d− 3) 6 0 . (49)
For −1 < a 6 −2/(d− 1), the inequality is always satis-
fied by any 0 6 k 6 1. For a > −2/(d− 1), the inequal-
ity is satisfied by k3− 6 k 6 k3, where k3− and k3 are the
roots in Eq. (49). Since k3− < 0, it can be discarded, and
the inequality is satisfied by any 0 6 k 6 k3, where k3 =
− (d−3)(1+a(d−2))(2+a(d−1))(d−2) +
√
(d−3)(d−3−2a(1+a(d−2))(d−2))
(2+a(d−1))(d−2) . How-
ever, for −2/(d− 1) < a 6 −1/(d− 2) note that k3 > 1,
so that the inequality is satisfied by any 0 6 k 6 1. For
−1/(d− 2) < a 6 0 we have that 0 6 k3 < 1, so that the
inequality is satisfied by 0 6 k 6 k3. For a > 0 note that
k3 < 0, so the inequality cannot be satisfied.
So in brief, stability for free M and free A means that
Eq. (36) holds. Specifically we found that for free M and
free A, the solutions have
Stability always for − 1 < a 6 − 1
d− 2 , (50)
and Eq. (49) is satisfied when 0 6 k 6 k3 for
−1/(d− 2) < a 6 0, i.e.,
Stability when 0 6 k 6 k3 for − 1
d− 2 < a 6 0 (51)
with
k3 =− (d− 3)(1 + a(d− 2))
(2 + a(d− 1))(d− 2)+
+
√
(d− 3)(d− 3− 2a(1 + a(d− 2))(d− 2))
(2 + a(d− 1))(d− 2) 1, (52)
and for a > 0, there are no thermodynamically stable
configurations, i.e.,
No stability for a > 0 . (53)
FIG. 3: Intrinsic stability for free proper mass M and free area
A, given in Eqs. (50), (51), and (53), for a self-gravitating shell
with a power-law temperature equation of state. Top: The
stability regions in the parameter space given by the equa-
tion of state exponent a versus the number of dimensions
d, an integer number with d > 4, are displayed. In the re-
gion −1 < a 6 − 1
d−2 , the shell is always stable. In the region
− 1
d−2 < a 6 0, the shell is only stable if 0 6 k 6 k3. In the
region a > 0, the shell never satisfies the thermodynamic sta-
bility criterion. Bottom: Plot of k3 as a function of a for three
different values of d, d = 4, 5, 11. The shell is stable if k lies
above the respective k3. In the region a > 0 one has k3 < 0
and there is no stability. See text for details.
Using Eq. (19), Eq. (51) can be written in terms of
R/r+ as
1 6 R
r+
6 1
(1− k23)
1
d−3
. (54)
for −1/(d− 2) < a 6 0. Changing from r+ to M through
Eqs. (9) and (16) we obtain that the thin shell’s radius
is bounded from above as 2R
d−3
γM 6
1
1−k3 .
For the particularly interesting a = 0 case the stability
condition is given in Eq. (51). It involves the quantity
k3 given in Eq. (52) which for a = 0 gives k3 = 0. This
means that to be thermodynamic stable under these per-
turbations the radius of the shell R obeys R = r+. For
a = 0 this is the only thermodynamic stable case.
In Fig. 3, we plot the stability regions in the parameter
space given by the equation of state exponent a versus the
number of dimensions d, an integer number with d > 4.
Adjacently, we also plot the quantity k3 given in Eq. (52)
in terms of the equation of state exponent a for three
different dimensions d, d = 4, 5, 11. This makes it easier
to follow the stability parameters.
85. Summary of the stability analysis: All three cases
together
Collecting the results for the stability of a self-
gravitating shell, we see that the third condition is the
stricter one for stability. Indeed: (i) Eqs. (39) and (50)
give the same result and are stricter than (45) in the
range of a. (ii) In the range −1/(d − 2) < a 6 0 of
Eq. (51), k3 < k1 always, so Eq. (51) makes Eq. (40)
spurious in this range of a. (iii) In the range a > 0 of
Eq. (53) all solutions are unstable, so Eqs. (40) and (46)
are irrelevant in this range. Thus, Eqs. (50)-(53) are the
ones necessary and sufficient for intrinsic local thermody-
namic stability. Nonetheless, Eqs. (39) and (40) are valid
for thermodynamic stability at fixed A and Eqs. (45)
and (46) are valid for thermodynamic stability at fixed
M .
C. Euler relation
From the entropy S in Eq. (32), and using the expres-
sion for the ADM mass m in terms of the proper mass
M given in Eq. (16), one finds that
γM
2Rd−3
= 1−
[
1
Rd−3
(
4S
ηΩd−2
) d−3
(a+1)(d−2)
] 1
2
. (55)
Applying Euler’s theorem on homogeneous functions [29]
toM , which is homogeneous of degree d−3(a+1)(d−2) in S and
d−3
d−2 in A, yields the Euler relation for this system,
M =
(a+ 1)(d− 2)
d− 3 TS −
d− 2
d− 3 pA . (56)
From the presence of the free parameter a, we see that
the Euler relation is dependent on the equation of state
for the temperature.
The scaling laws for the self-gravitating shell are M →
λM , S → λ (a+1)(d−2)d−3 S, and A → λ d−2d−3A. This makes
sense. Indeed, under this rescaling one has from Eq. (31)
T → λ−1−a(d−2)T and from Eq. (22) p → λ− 1d−3 p, alto-
gether make M → λM in Eq. (56).
Taking the differential of Euler’s relation Eq. (56) and
taking into account the first law Eq. (23) one obtains the
Gibbs-Duhem relation for this system
(a+ 1)(d− 2)SdT + (1 + a(d− 2))dM
+a(d− 2)pdA− (d− 2)Adp = 0. (57)
An interesting case is a = 0. So let us put a = 0 in
the equation of state for the shell’s temperature. Then
from Eq. (56) we find then that the Euler relation for
such a shell reads M = d−2d−3 TS− d−2d−3 pA, and the shell’s
proper mass is an homogeneous function of degree d−3d−2
in S and A. The scaling laws for the self-gravitating
shell in this a = 0 case are M → λM , S → λ d−2d−3S, and
A → λ d−2d−3A. Taking the differential of Euler’s relation
Eq. (56) and taking into account the first law Eq. (23)
one obtains the Gibbs-Duhem relation for this system
(d− 2)SdT + dM − (d− 2)Adp = 0.
D. Other topics on entropy
1. Bekenstein entropy bound for the d-dimensional shell
The Bekenstein bound relates the entropy and the en-
ergy of a system. We follow the argument presented by
Bekenstein for four dimensions in [30] and turn it into
a d-dimensional bound. Given a d-dimensional spherical
object with energy E, size l and entropy SE , and a black
hole with horizon radius and area r+ and A+, respec-
tively, and entropy S+ =
1
4A+, one has that the initial
entropy Si of the system is Si =
1
4A+ + SE . If the ob-
ject is swallowed by the black hole, this will grow by an
area ∆A+, so the final entropy is Sf =
1
4 (A+ + ∆A+).
From rd−3+ = γ m, see Eq. (9), and A+ = Ωd−2r
d−2
+ , see
Eq. (10), we get ∆A+ = γ Ωd−2
(
d−2
d−3
)
E r+, where we
have naturally put E = ∆m. For the generalized second
law of thermodynamics to hold, one must have Si 6 Sf ,
so then SE 6 γΩd−24
(
d−2
d−3
)
Er+. If l is not small com-
pared to r+ then a bound like SE < α
γΩd−2
4
(
d−2
d−3
)
El
must exist, for some value of α which cannot be set by
this argument. We choose α as α = d−3d−2 for reasons given
below. Using γ Ωd−2 = 16pid−2 , see Eq. (7), the bound is
SE 6
4pi
d− 2 El . (58)
Now, although the bound was here suggested through
a definite example involving matter and a black holes,
Eq. (58) is assumed to be valid for all matter in all kinds
of situations and is called the Bekenstein bound. In par-
ticular it can be applied to the self-gravitating shells we
have been considering.
Let us suppose a self-gravitating shell with energy E
and typical length l. In the shell case the quantity E can
have two interpretations. It can be interpreted either as
the rest mass M of the shell, E = M , or as the ADM
mass of the spacetime, E = m. The length l can be put
equal to the radius of the system l = R.
For E = M the bound Eq. (58) for the entropy S of
the shell is
S 6 4pi
d− 2 MR . (59)
Using Eq. (21) together with Eq. (7) this can be put as
S 6 12Ωd−2(1− k)Rd−2.
For E = m the bound Eq. (58) for the entropy S of
the shell is
S 6 4pi
d− 2 mR . (60)
Using Eq. (9) together with Eq. (19) this yields S <
1
4Ωd−2(1− k2)Rd−2.
Which bound shall one choose, if the one given in
Eq. (59) or the one given in Eq. (60), cannot be settled
by this analysis.
92. Holographic entropy bound for the d-dimensional shell
The holographic entropy bound [31, 32] claims that in
a full developed theory of quantum gravity the entropy
SA in a region enclosed by an area A is always less or
equal to A/4 in Planck units,
SA 6
A
4
. (61)
One insight for the bound came from the gravitational
collapse of a star of area A and the entropy law governing
black holes [32]. For a black hole the entropy is precisely
equal to one quarter of its horizon area, so black holes
saturate the inequality Eq. (61). It is further conjectured
that the bound also holds for higher d-dimensions, with
the area A being a d − 2 surface A enclosing a d − 1
volume [33].
In the case in hand we have a thermodynamic self-
gravitating shell with a particular equation of state,
Eq. (31). It is thus relevant to know whether the holo-
graphic entropy bound is automatically satisfied or if
both the junction and stability conditions still allow for
configurations whose entropy exceeds the bound. Since
the holographic bound questions the feasibility of a phys-
ical system that exceeds it, it is relevant to see how it
works for shells.
For the shell’s area Eq. (15) and the shell’s entropy
Eq. (30), the entropy bound Eq. (61) is satisfied if
η r
(a+1)(d−2)
+ 6 R(d−2), i.e.,
R
r+
> η 1d−2 ra+ . (62)
Given a and η the bound is irrelevant if η
1
d−2 ra+ 6 1, since
in this case Rr+ > 1, see Eq. (18), puts a stronger limit on
R and so the bound is always obeyed. For instance for
−1 < a 6 0 and 0 < η 6 1 the bound is irrelevant. We
have found that solutions where −1 < a 6 0 are thermo-
dynamically stable solutions for all dimensions d. It is
notable that stable solutions for all d obey automatically
the holographic entropy bound. If η
1
d−2 ra+ > 1, then only
those configurations whose R obeys Eq. (62) are the ones
that satisfy the bound.
3. Entropy of the shell for large d
When generalizing a physical system to higher dimen-
sions one should understand how the physical quantities,
in particular the entropy, change with the dimension. In
particular, for the entropy this might have some impli-
cations on whether or not the system stays within one
ot both entropic bounds. In this connection, the d→∞
limit is useful and interesting. We will take the limit
d → ∞, and see how the entropy of a self-gravitating
thin shell acts in response. To do so, we write the solid
angle given in Eq. (8) in the following way, using the Stir-
ling approximation, Ωd−2 =
√
2
e
(
2pie
d−3
) d−2
2 (
1 +O
(
1
d
))
.
Although the approximation works better as d → ∞, it
is also a good fit for any d > 4. For the shell’s entropy
given in Eq. (32) we find
S =
(
2pie
d
)d/2
η r
d(a+1)
+ . (63)
Clearly we have that S → 0 as d grows, and this is be-
cause the solid angle converges very quickly to zero, with
1/dd/2. Instead of setting η as a constant, we could in-
clude the 1/dd/2 factor into ηd ≡ η/ dd/2 and set it as
our problem’s constant. But we will not do this here.
One can also see how the large d limit affects the dis-
tance to the holographic bound. Computing the ratio
between the two, the solid angle terms cancel out, and
we find SA/4 = η
(
ra+1+
R
)d
. Now, as mentioned previously
if a 6 0 and η 6 1 the bound is always satisfied, and we
see that, as d increases, the shell’s entropy will distance
itself farther from the bound, i.e., in this case it holds
that SA/4 6 1.
We can additionally study the behavior of the other
physical quantities of the shell. Since (1−k) goes to zero
with
( r+
R
)d
, see Eq. (19), both the shell’s rest mass M
and pressure p go to zero, as one can check in Eqs. (21)
and (22). Because k → 1, the temperature is T = 1/b
and its behavior at the large d limit depends on the sign
of the equation of state exponent a, as can be seen in
Eq. (31). For a 6 0, the temperature T diverges with
dr−ad+ , whereas for a > 0 T goes to zero in the d → ∞
limit.
IV. BLACK HOLES IN d-DIMENSIONS:
ENTROPY, LOCAL THERMODYNAMIC
STABILITY, SMARR FORMULA, ENTROPY
BOUNDS, AND LARGE d
A. Black hole equation of state and entropy
We are now interested in studying black hole properties
in d-dimensions using the results from thin shells. For
that we take the d-dimensional shell to its gravitational
radius R→ r+, i.e., we take the quasiblack hole limit [17,
18]. At this quasiblack hole stage the exterior spacetime
to the shell is that of d-dimensional Schwarzschild black
hole, i.e., Tangherlini black hole.
To do this note that one possible equation of state for
the temperature of the shell is the Hawking tempera-
ture T+ given by T+ =
d−3
4pi
1
r+
[27], i.e., the inverse tem-
perature is b+ =
4pi
d−3r+. From Eq. (31) for the inverse
temperature b(r+) of the shell at infinity one sees that
putting a = 0 and η = 1 one recovers precisely b+. In
this case from Eq. (32) the entropy S of the shell with
radius R is S = 14A+. We now can take the limit and
send the radius R of the shell to its own gravitational
radius r+, R→ r+.
Before we do that we note that when performing the
quasistatic collapse of the shell into r+, the only rea-
sonable equation of state for the inverse temperature is
indeed b+. The analysis we have been doing demands
thermal equilibrium so that we can safely use the first
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law of thermodynamics Eq. (23). If then we take into
account that quantum fields are present just outside the
shell at its own gravitational radius R = r+, the shell’s
inverse temperature must be the black hole inverse tem-
perature, so b(r+) in Eq. (31) must have the expression
b(r+) = b+ =
4pi
d−3r+ in order to have equilibrium. More-
over, it has been shown in some particular instance [34]
that the thermal energy-momentum tensor T ab for a field
at temperature Tfield is of the form [34] T
a
b =
T 4field−T 4+
g200
fab,
for some tensor fab finite at the horizon, with g00 being
the time-time metric component of the static spacetime.
Assuming this is also valid in d-dimensions we see that
since g00 is zero at R = r+, T
a
b diverges unless the tem-
perature of the field Tfield is the Hawking temperature
T+, Tfield = T+, and so bfield = b+.
So when one collapses the shell quasistatically into a
black hole, i.e., R = r+, Eq. (31) must take the form
b+(r+) =
4pi
d− 3r+ . (64)
Then the entropy from Eq. (32) is
S+ =
1
4
A+ . (65)
This is the Bekenstein-Hawking entropy in d-dimensions,
obtained here from the self-gravitating shell formalism
with the input of the Hawking temperature.
B. Black hole intrinsic thermodynamic stability
For a black hole a = 0 and η = 1. In the black hole
limit, we take in addition R → r+ implying k → 0.
The stability equations we are interested are given in
Eqs. (40), (45), and (51). We first take a = 0 in the sta-
bility conditions and see the properties for the shell with
this a. Then we take the black hole limit R → r+ and
discuss the features in this case.
For fixed shell’s area A, a = 0, and R→ r+, thermody-
namic stability is taken from Eq. (40) or Eq. (43). Clearly
one finds that the shell is thermodynamically stable at
the gravitational radius for d > 4. Indeed, when the shell
with a = 0 is at its gravitational or horizon radius, i.e.,
k = 0, it satisfies marginally the intrinsic thermodynamic
stability criterion Eq. (40). This is because the heat ca-
pacity CA = T
−2
(
∂2S
∂M2
)−1
A
goes to zero with T−2 in this
limit. Since CA is also defined as CA =
(
∂M
∂T
)
A
, CA = 0
means that the mass of the shell cannot be altered by any
change on the infinitely high temperature. In this limit
we cannot increase the mass M of the shell with A = A+,
i.e., R = r+, constant, since from Eq. (21) in this limit
one has γ2M = r
d−3
+ . So, to change M one has to change
the radius R = r+. Moreover, York’s results for black
holes in a canonical ensemble [6] imply that when the
heat reservoir is placed at R = r+ the black hole is ther-
modynamically marginally stable. The two results are
indeed the same as the two situations deal with the same
black hole, namely, a black hole in a heat reservoir at its
horizon at temperature T . So, York’s heat reservoir at
the black hole horizon and the massive shell at the grav-
itational radius are the same thing, and York’s criterion
for thermodynamic stability is precisely reproduced.
For fixed proper mass M , a = 0, and R→ r+ thermo-
dynamic stability comes from Eq. (45) and we have seen
that the a = 0 shell is stable under this condition for all
radii in particular for R = r+.
For free A and M , a = 0, and R→ r+ thermodynamic
stability comes from Eq. (51). Since in this case k3 = 0
as we have seen, the only stable case is precisely R = r+,
i.e., the black hole is stable.
C. Smarr relation
For a black hole a = 0 and the black hole Euler relation
has to be taken from Eq. (56) putting a = 0. In the
black hole limit, we take in addition R → r+ implying
k → 0. Since both the temperature T and pressure p go
with k−1, one has kM = d−2d−3 T+S+ − d−2d−3 p+A+, where
T+ = 1/b+ is the Hawking temperature with b+ given
in Eq. (64), S+ is the Bekenstein-Hawking entropy given
in Eq. (65), p+ is the redshifted pressure p+ = pk with
p given in Eq. (22), and A+ the horizon area given in
Eq. (10). So, since k → 0 in this limit, this translates
into 0 = d−2d−3T+S+ − (d−2)Ωd−216pi rd−3+ , which upon using
Eqs. (7) and (9) yields 0 = d−2d−3T+S+ −m, i.e.,
m =
d− 2
d− 3T+S+, (66)
the Smarr relation for a black hole in d-dimensions, see
also [28]. In four dimensions this is m = 2T+S+, the
original Smarr formula [1].
Smarr formula in d-dimensions has been provided be-
fore, but it is remarkable that one can derive it from
the shell mechanics and thermodynamics in a non-trivial
way. The rest mass term M that surely appears in the
Euler relation for the shell gives no contribution, and it
is the term pA that contains the spacetime energy and
thus yields the mass m term. This is in line with the
black hole mass formula derived in [21] for d = 4 using
the membrane paradigm approach, where the term 2p+
is indeed the usual black hole surface gravity κ divided by
4pi, and was shown to be also the horizon surface energy
density σ measured at infinity [21]. When σ is multiplied
by A+ one obtains the total energy m.
D. Other topics on black hole entropy
1. Bekenstein entropy bound for the d-dimensional black
hole
Let us now take the d-dimensional Bekenstein bound,
Eq. (58), in the black hole limit R → r+. For the shell
this bound is provided in Eq. (59) if we choose E = M
and in Eq. (60) if we choose E = m.
For E = M the bound Eq. (59) is then
SE < 2S+ , (67)
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where S+ =
1
4 A+ is the black hole entropy given in
Eq. (65).
For E = m the bound Eq. (60) is
SE < S+ . (68)
Which case shall we choose, E = M or E = m? If
we stick to SE < S+, i.e., to the statement that the
maximum entropy for an area A is when there is a black
hole in this area then we should have Eq. (68) and so we
should choose E = m, see also [9]. But all this this relies
on our previous choice of α and so the argument is only
of heuristic value.
2. Holographic entropy bound for the d-dimensional black
hole
When the holographic entropy bound of Eq. (61) is
applied to the shell we get Eq. (62). In the particular
case that the shell is a black hole then a = 0 and η = 1
and we get that the bound is satisfied for any R > r+:
This means that in this case all the shells, including the
black hole limit, satisfy the bound. That the black hole
satisfies the bound is expected, since black holes pose the
highest entropy outcome from gravitational collapse.
3. Entropy of the black hole for large d
The entropy of a self-gravitating shell for large d is
given in Eq. (63). For the black hole case one puts a = 0
and η = 1 to obtain
S+ =
1
dd/2
rd+ . (69)
Note that S+ is still S+ =
1
4A+ but in the large d limit
one has r+ → 0, A+ → 0, so the entropy of the black
holes vanishes in the large d limit.
V. CONCLUSIONS
The first law of thermodynamics on a d-dimensional
self-gravitating spherical thin shell is used in its en-
tropy representation, where the entropy is a function
of the shell’s rest mass and the shell’s area A, or since
A = 4piR2, the shell’s radius, S = S(M,R). The pres-
sure equation of state p = p(M,R) is fixed by the space-
time junction conditions, and the inverse temperature
equation of state β = β(M,R) must have the form
β = k(r+, R) b(r+), with b(r+) arbitrary, in order to
satisfy the integrability condition for the entropy, where
r+ = r+(M,R). Integrating the first law, we find that
the shell’s entropy is given as a function of the gravita-
tional radius r+(M,R) alone.
With the inverse temperature equation of state now
controlled completely by b(r+) we specify a power law
equation for b(r+) with its exponent governed by a pa-
rameter a, and such that when a = 0 the inverse temper-
ature b(r+) has the Hawking form. The thermodynamic
stability conditions can be worked out generically, and in
particular, for a = 0 it is found that the shell is stable
when its radius is in-between its own gravitational radius
and the photonic radius, i.e., the radius of circular photon
orbits, reproducing unexpectedly York’s thermodynamic
stability criterion for a d = 4 black hole in a heat reservoir
canonical ensemble. Since the two systems are different,
this is an unexpected result, and hints that what is im-
portant for thermodynamic stability is the place of the
shell alone, being it a heat reservoir massless shell or a
massive shell. An Euler formula for the matter is derived.
When put at its own gravitational radius the shell
spacetime turns into a black hole spacetime. In this limit
it is mandatory that the self-gravitating shell is at the
Hawking temperature which in turn renders through the
formalism developed the Bekenstein-Hawking entropy in
d dimensions. The black hole is marginally stable as the
heat capacity is zero. In this case the physical situation
is the same as in the d = 4 York’s case, York’s heat reser-
voir shell and the massive shell at the gravitational radius
are the same thing, and so York’s criterion for marginal
stability is precisely reproduced. The Smarr formula for
black holes pops out naturally and surprisingly.
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